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mental data of two different leading edge distances xi.e. leads
to a boundary of the measured effects. This boundary cor-
responds to the boundary between slip flow and continuum
flow denned as Ma/ (Re)1/2 = 0.1.

As the measured effect depends on the rarefaction of the
gas, the experimental results are plotted in Fig. 3 over the
rarefaction parameter Knw-(xi.e.)112 with Knw = \w/xi.e.t
\w = 1.26(/£-rtt,)1/2-/i/p«, and xi.e. the leading edge distance.
All data correlate in this plot for the different test parameters.
The curve shows a sudden slope change that corresponds to
the change from linear to nearly quadratic characteristic in
Fig. 1. At the same point the mean free path in the cavity is
of the order of the tube diameter.
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Fig. 3 Experimental results.
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Stability of a Liquid Film
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THE cooling efficiency of a liquid film developed from an
ablator or a transpiration cooling system depends on its

remaining in contact with the body surface, and its removal in
the form of vapor only. If the interface is disturbed from its
equilibrium position, waves will form and the dominant liquid
layer mass loss mechanism may be the entrainment of liquid
droplets into the airstream. In the absence of an external
gas, an instability is provided by body forces acting outward
from the liquid layer. This situation can be realized under
conditions of vehicle deceleration during re-entry where the
liquid experiences an effective body force directed away from
the vehicle surface. The flow of an external gas has two
important effects. The first is the establishment of a velocity
profile via the shear at the liquid surface while the second
effect is the production of perturbations in the stresses exerted
by the gas on the interface due to the appearance of waves
that leads to pressure perturbation1 and shear perturbation
instability mechanisms.2 The purpose of this Note is to study
the interaction of tangential body forces with pressure per-
turbations on the stability of liquid films. The liquid layer is
assumed to be thin with.one side adjacent to a solid boundary
and the other side adjacent to the gas stream. A Cartesian
coordinate system is introduced with the x axis coinciding
with the solid interface and the y axis pointing into the liquid.
The equilibrium gas-liquid interface is located &ty = h. The
body force is directed in such a fashion as to be parallel to the
direction of the flight path while the liquid motion is de-
veloped from the viscous shear stresses exerted by the gas
layer on the liquid layer. The dimensionless velocity of the
liquid in the positive x direction is given by

U = 72/2 + (l - i)y (1)
where the velocity and the vertical dimension are normalized
with the interface velocity ULJ and the liquid depth h. Here

g /2vUL,
UL = (g sin6/2v)(2TQh/pg sin0 - (2)

with g the body force per unit mass directed in such a way
that g cos0 is in the positive y-direction and g sin0 in the
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negative x-direction, and TO is the interface shear stress
calculated from TO = cfpaUa

2 with Ug the freestream gas
velocity in the direction of the wave normals.

The primary flow just described is disturbed from equilib-
rium by superposing small disturbances that allow for linear-
ization of the resulting differential equations and boundary
conditions. The disturbances are represented by a stream
function, \l/(x,y,i), and the gas-liquid interface is assumed to
have a two-dimensional traveling wave form, r)(x,t), such that

In general c is a complex number whose real part cr represents
the dimensionless wave velocity and whose imaginary part c*
represents the damping or amplification of the disturbance
depending on its sign. The parameter a = 2wh/\ is the
dimensionless wavenumber. Substituting Eq. (3) into the
equations of motion with attendent boundary conditions gives

iaR[(U - c)O" - «V) - 2J<P] (4)
?(0) = ?'(0) = 0 (5)

c = 1 + <?(!) (6)
?"(!) + «V(D = X - 27 (7)

<p'"(l) - 3oV(l) = *A + iaR[Ta* - Gy -
(c - l)^'(l) - (1 + 7)^(1)] (8)

where the following definitions have been made:

R = ULh/p, T = <r/pUL
2h, Gv = gh cos8/UL

2

= (Ar + aRpg/pUL*

The parameters R} T, Gy are the Reynolds, reciprocal Weber,
and reciprocal Froude numbers, respectively, a is the surface
tension and TO and pg are the perturbations in shear and
pressure exerted by the gas on the interface which are included
here following Craik.2

A perturbation solution for <p is sought for long wavelengths
assuming that aR is small. Thus

0(a2) (9)
Equation (9) is substituted into Eq. (4), coefficients of like
powers of a are collected and the results integrated subject to
the boundary conditions (5), (7), and (8). The resultant ex-
pansion is then substituted into Eq. (6) to yield an equation

* FOUR TERM EXPANSION J
"TWO TERM EXPANSION

AA NACHTSHEIM

._0.4

5
50.2

0.1 0.2 0.3 0.4

WAVE NUMBER"

Fig. 1 Amplification rate vs wavenumber for three
solution techniques. Solid symbols are for R = 1.0

and blank symbols are for R = 0.1.

2 3 4 5 6 7
REYNOLDS NUMBER
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g/cm3, v — 1.0 centistoke, (7 = 72 dyne/cm).

for c. The details can be found in Nay f eh and Saric3

c = 1 - 7 + ix - i*A - #aR{Ta* - Gy - <j>»y(l - 7) +
A(l - 7)X - c[- f7 + *X - (2</5)A] +

[7/21 - 13(1 - 7)/120]2:A} + 0(a2) (10)

Since the primary interest here is to investigate the effects of
the pressure perturbations interacting with the effects of the
body forces, x will be taken to be zero in the following calcula-
tions, and A is calculated from the uniform in viscid flow past a
wavy wall. The linearized pressure disturbance is given by

Ar = -a
Ar = 0,

- M2)1/2, A; = 0, M < 1 (11)
= a2/c/(7lf2 - l)i/2, M > 1 (12)

where the Mach number M is given by Ug/ag since the wave
speed, cr, is very small compared to Ug.

Supersonic External Flow

In this case, A is given by Eq. (12) and the dimensional
growth rate becomes

UL aW /2r0-~ = ^r-3 I —r -h 90?>3 \ph
vX

C/
2(M2 - 1) (13)

(14)

where cr has been eliminated from the equation for d by
assuming ad is small. The cut-off wavenumbers (d = 0) are
then given by

(15)a - I)1/2

Equation (13) shows that the wave drag is destabilizing
while the surface tension is stabilizing. The component of
the body force normal to the interface is stabilizing or de-
stabilizing depending on whether it is directed from the gas
to the liquid or vice versa. If the axial body force is in the
same direction as the external flow (g sin0 < 0), 7 < 0 from
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Eq. (2), and the amplification rate increases as \g sin0| in-
creases due to the increase of both of the terms inside and
outside the large bracket in Eq. (13). On the other hand, if
g sin0 > 0, 7 is positive, and the amplification rate decreases
as g sin0 increases^ The stabilizing effect of an axial body
force opposing the external flow is due to the reduction of the
liquid Reynolds number, and a partial cancellation of the
supersonic wave drag. In order for cut-off wavenumbers to
exist, £1 and &2 + £2 must be positive. Moreover, there will
be one or two cut-off wavenumbers depending on whether
£2 is positive or negative. The details of specific calculations
are contained in Nayfeh and Saric.3

Let us compare our results with the numerical results of
Nachtsheim.4'5 If the axial body force is neglected and if the
normal component of the body force is directed toward the
liquid (i.e., 0 = 180°), the problem discussed in this section
reduces to that studied by Nachtsheim who obtained a numeri-
cal solution of the full eigenvalue problem. In order to im-
prove the calculations for this case, the two-term expansion
for the stream function in Eq. (9) was extended to four terms.
The dimensionless wave speed and amplification rate are
given by

cr = 1 + -
o

2—
lo

3
-
o

a* - &,) + ,-] «v + I

47

A. -
39923
360

\
- c;2) J (16a)

and

d = ~ o

a'R 101 . 47
14 Ai ~ ~2 '

_L 6917

"' + 2376 '

l904(To» - ~

39923
360 (16b)

A direct comparison of solutions of Eqs. (16) with the two
term expansion and Nachtsheim5 is shown in Fig. 1, which is a
calculation of the growth rate as a function of wavenumber at
two Reynolds numbers with all other conditions held con-
stant. The range of parameters is chosen to be within the
experimental data of Marshall and Saric.6 In this range, all
these methods predict the first cut-off wavenumber very
closely; however, the two term expansion breaks down
shortly after that. Equation (16) continues to be accurate
enough to calculate growth rates for larger a but breaks down
shortly after the two term expansion. Neither small wave-

number expansion can predict the maximum growth rate or
the second cut-off wavenumber which occurs at a = 0(1).
The four term expansion was used to calculate cut-off wave-
numbers for the experimental conditions of Marshall and
Saric.6 It was found that the observed wavelengths were in
the unstable range predicted by Eq. (16) and that the calcu-
lated wave speeds were correct to the same order. Further-
more, the trends of varying R and TO were correctly predicted.
It appears, therefore, that the aforementioned theory is a good
approximation of the solution to the Orr-Sommerfeld equation
in the region of interest and it can model the experimental re-
sults.

Figure 2 shows that in the supersonic case, an increase in
R or TO, or a decrease in M results in a decrease in the cut-off
wavenumber, and hence destabilizing. The stabilizing effect
of increasing M is due to the reduction of the wave drag.
The destabilizing effects of R and TO can be seen by rewriting
T and G in the following form:

T = ((n/-V~1/2)(#^3/V(T1/2),£ = (p3/V0)(fl-1/2T0-3/2) (17)

Equation (17) shows that increasing R or TO decreases both
T and (r, and consequently £i and £2, and thereby increases
the growth rate in Eq. (13). These results are different than
those of Nachtsheim4 who chose to fix T and G as R varied
which forced the external flow parameter TO to be a function of
p.

Subsonic External Flow

Letting % = 0, substituting for A,- and Ar from Eq. (12) into
Eq. (10), and setting d = 0 give the cut-off wavenumbers

i r i ,
2RTcf(l -

- 7) - (18)

As in the supersonic case, the surface tension and liquid
viscosity are stabilizing. The normal body force is stabilizing
or destabilizing, depending on whether it is directed toward or
outward from the liquid. The axial body force is stabilizing
if it opposes the external flow; otherwise, it is destabilizing.
In the subsonic case, both cut-off wavenumbers can be
calculated because they are 0(0.1) or less, and hence within
the applicability of the present analysis. Since the first
cut-off wavenumber is small, the following discussion is di-
rected toward the second cut-off wavenumber. An increase/
decrease in the cut-off wavenumber in the subsonic case can
be interpreted as destabilizing/stabilizing because it in-
creases/decreases the range of unstable wavenumbers. The
effects of R, TO, and M on the stability are shown in Fig. 2 for
comparison with the supersonic case. In the subsonic case,
increasing R, r0, or M increases the cut-off wavenumber, and
is hence destabilizing. Thus, increasing R and T is destabiliz-
ing in both the subsonic and supersonic cases, whereas in-
creasing M is stabilizing for the supersonic and destabilizing
for the subsonic case.

References
1 Chang, I. D., and Russell, P. E., "Stability of a Liquid Layer

Adjacent to a High-Speed Gas Stream," The Physics of Fluids,
Vol. 8,1965, p. 1018.

2 Craik, A. D. D., "Wind-Generated Waves in Thin Liquid
Films," Journal of Fluid Mechanics, Vol. 26,1966, p. 369.

3 Nayfeh, A. H. and Saric, W. S., "Body Force Effects on the
Stability of Liquid Films," Research Report, SC-RR-70-722,
Nov. 1970, Sandia Corp.

4 Nachtsheim, P. R., "Stability of Crosshatched Wave Patterns
in Thin Liquid Films Adjacent to Supersonic Streams," The
Physics of Fluids, Vol. 13, 1970, p. 2432.

5 Nachtsheim, P. R., private communication, July 1970.
6 Marshall, B. W. and Saric, W. S., "Experimental Investiga-

tion of the Stability of a Thin Liquid Layer Adjacent to a Super-
sonic Stream," AIAA Paper 70-801, Los Angeles, Calif., 1970.


